Abstract Solvability of the conjugacy problem for relatively hyperbolic groups was announced by Gromov [18] . Using the definition of Farb of a relatively hyperbolic group in the strong sense [14], we prove this assertion. We conclude that the conjugacy problem is solvable for fundamental groups of complete, finite-volume, negatively curved manifolds, and for finitely generated fully residually free groups.
Introduction
Relatively hyperbolic groups introduced by Gromov [18] are coarsely negatively curved relatively to certain subgroups, called parabolic subgroups. The motivating examples are fundamental groups of negatively curved manifolds with cusps that are hyperbolic relative to the fundamental groups of the cusps. Farb gave his own definition of a relatively hyperbolic group, using Cayley graphs [14, Section 3.1] (cf. Definition 2.1 below). It was first observed by Szczepanski [31] that there are groups that satisfy the Farb definition and do not satisfy the Gromov definition: Z × Z is an example. For this reason, groups satisfying the Farb definition are called weakly relatively hyperbolic; this terminology was suggested by Bowditch [4] . Using relative hyperbolization, Szczepanski [32] obtained more examples of weakly relatively hyperbolic groups. Kapovich and Schupp [20] proved that certain Artin groups are weakly relatively hyperbolic. A weakly relatively hyperbolic group does not have to possess any nice properties. Osin [28] showed that there are weakly relatively hyperbolic groups that are not finitely presentable. He also constructed an example of a finitely presented weakly relatively hyperbolic group with unsolvable word problem.
Farb also defined and actually dealt in [14] with a somewhat restricted class of groups, namely, weakly relatively hyperbolic groups that satisfy the Bounded Coset Penetration (BCP) property [14, Section 3.3] (cf. Definition 2.3 below). To prove solvability of the conjugacy problem, we use this Farb's definition of relative hyperbolicity in the strong sense (see Definition 2.4 below). Theorem 1.1 Let G be a group hyperbolic relative to a subgroup H , in the strong sense. The conjugacy problem is solvable in G, provided that it is solvable in H .
We would like to emphasize importance of the BCP property for solvability of the conjugacy problem. Collins and Miller [10] give an example of an infinite group G with a subgroup H of index two (which is therefore, normal in G), so that the conjugacy problem is solvable in H but is unsolvable in the whole G. In this example, G is weakly hyperbolic relative to H , but normality of H in G violates the BCP property for the pair (G, H).
Bowditch [4] elaborated the definitions given by Gromov and by Farb, and proved that Gromov's definition is equivalent to Farb's definition of relative hyperbolicity in the strong sense. A simple alternate proof of the implication "Gromov's definition ⇒ Farb's definition in the strong sense" can be derived from the results proved in [31] and [8] (see [8] for the relevant discussion). It is worth mentioning that yet another definition of a relatively hyperbolic group was introduced by Juhasz [15] .
Unlike weakly relatively hyperbolic groups, relatively hyperbolic groups in the strong sense (which we abbreviate to relatively hyperbolic groups) share many nice properties with word hyperbolic groups, provided that parabolic subgroups have similar properties. For instance, Farb proved that the word problem for a relatively hyperbolic group has "relatively fast" solution.
Theorem 1.2 [14, Theorem 3.7]
Suppose G is strongly hyperbolic relative to a subgroup H, and H has word problem solvable in time O(f (n)). Then there is an algorithm that gives an O(f (n) log n)-time solution to the word problem for G.
Arguments that Farb used to prove this latter theorem, imply that G is finitely presented, if H is; moreover, G has a relative Dehn presentation. Detailed proofs of these assertions, and of other basic properties of relatively hyperbolic groups were given by Osin [27] . Deep results concerning boundaries and splittings of relatively hyperbolic groups were obtained by Bowditch [5] , [6] , [7] . Goldfarb [17] proved Novikov conjectures for these groups, and produced a large family of relatively hyperbolic groups using strong relative hyperbolization. Another large family of relatively hyperbolic groups was produced by Hruska [19] ; these are groups acting properly discontinuously and cocompactly by isometries, on piecewise Euclidean CAT(0) 2-complexes with isolated flats property. A topological criterion for a group being relatively hyperbolic, was obtained by Yaman [33] . Dahmani [11] proved that a relatively hyperbolic group has a finite classifying space, if its peripheral subgroups have a finite classifying space. Rebbechi [29] has shown that relatively hyperbolic groups are biautomatic, if its peripheral subgroups are biautomatic. Masur and Minsky [24] proved solvability of the conjugacy problem for mapping class groups, using the fact that a mapping class group of a surface is weakly hyperbolic relative to its subgroup that fixes a particular curve on this surface, and the pair satisfies some additional condition.
In Section 6 we apply Theorem 1.1 to prove the following. Theorem 1.3 Let M be a complete Riemannian manifold of finite volume, with pinched negative sectional curvature and with several cusps. Let G = π 1 (M ) be the fundamental group of M. Then there is an explicit algorithm to solve the conjugacy problem for G.
Dehn [13] proved that conjugacy problem for surface groups is solvable. Cannon [9] generalized Dehn's proof to all fundamental groups of closed hyperbolic manifolds. In fact, Cannon's proof works for the fundamental groups of closed negatively curved manifolds. Our result can be viewed as a generalization of Cannon's theorem to the finite volume, noncompact case.
Another example of relatively hyperbolic groups are finitely generated (f. g.) fully residually free groups which play an important role in algebraic geometry over free groups.
A group L is fully residually free, if for any finite number n of non-trivial elements g 1 , . . . , g n of L there is a homomorphism ϕ from L into a free group F so that ϕ(g 1 ), . . . , ϕ(g n ) are non-trivial elements of F.
Fully residually free groups are known to have many nice properties. For this discussion we refer the reader to deep works of Kharlampovich and Myasnikov [21] , and also of Sela [30] who introduces the notion of a limit group and shows that the classes of limit groups and of f. g. fully residually free groups coincide. The following result is a conjecture of Sela, proved by Dahmani [12] . Alibegovic [1] gave an alternate proof of this conjecture. Theorem 1.5 (Dahmani, Alibegovic) Finitely generated fully residually free groups are relatively hyperbolic with peripheral structure that consists of the set of their maximal Abelian non-cyclic subgroups.
As an immediate corollary of Theorem 1.5 and Theorem 1.1, we have solvability of the conjugacy problem for f.g. fully residually free groups. Theorem 1.6 The conjugacy problem for finitely generated fully residually free groups is solvable.
An alternate proof of this latter assertion, based on using length functions on fully residually free groups [26] , was given by Kharlampovich, Myasnikov, Remeslennikov and Serbin in the recent paper [22] .
Relatively hyperbolic groups by Farb
Definition 2.1 [14] (Weakly relatively hyperbolic group) Let G be a f.g. group, and let H be a f.g. subgroup of G. Fix a set S of generators of G. In the Cayley graph Γ(G, S) add a vertex v(gH) for each left coset gH of H, and connect v(gH) with each x ∈ gH by an edge of length 1 2 . The obtained grapĥ Γ is called a coned-off graph of G with respect to H. The group G is weakly hyperbolic relative to H ifΓ is a hyperbolic metric space.
The above definition depends on the choice of a generating set for G. Nevertheless, the property of G being weakly hyperbolic relative to a subgroup H is independent of this choice [14, Corollary 3.2 ] . Let u be a path in Γ, we define a projectionû of u intoΓ in the special case, when the generating set for G contains a generating set for H. Reading u from left to right, search for a maximal subword z of generators of H. If z goes from g to g ·z in Γ, then we replace the path given by z with the path of length 1 that goes from the vertex g to the vertex g ·z via the cone point v(gH). Do this for each maximal subword z as above. In general case, projection can be defined in a similar way: we replace the path given by an element of H, with a path of length 1 (see [14, Section 3.3] for details). We say that u (orû) travels Γ-distance d Γ (g, g ·z) in gH. In what follows, we assume that every path given by a maximal subword z of generators of H, is an H -geodesic, in other words we always assume that z is a path of the shortest Γ-length that connects g and g ·z. Having defined projection ρ : Γ −→Γ by ρ(u) =û, we can define relative (quasi)geodesics. Recall that a pathû with no self-intersections inΓ is a P -quasi-geodesic if for each two points x, y ∈û the following inequality holds:
where lû(x, y) denotes the length of the arc ofû connecting x and y . Definition 2.2 [14] (Relative (quasi)geodesics) Ifû is a geodesic inΓ, then u is called a relative geodesic in Γ. Ifû is a P -quasi-geodesic inΓ, then u is a relative P -quasi-geodesic in Γ.
Ifû passes through some cone point v(gH), we say that u penetrates gH. A path u (orû) is said to be a path without backtracking if for every coset gH which u penetrates, u never returns to gH after leaving gH. Definition 2.3 [14] (Bounded Coset Penetration property) Let a group G be weakly hyperbolic relative to a f.g. subgroup H. The pair (G, H) is said to satisfy the Bounded Coset Penetration (BCP) property if ∀P ≥ 1, there is a constant c = c(P ) so that for every pair u, v of relative P -quasi-geodesics without backtracking, with same endpoints, the following conditions hold:
(1) If u penetrates a coset gH and v does not penetrate gH, then u travels a Γ-distance of at most c in gH.
(2) If both u and v penetrate a coset gH, then the vertices in Γ at which u and v first enter (last exit) gH lie a Γ-distance of at most c from each other.
Definition 2.4 (Strong relative hyperbolicity) Let G be a f.g. group, and let H be a f.g. subgroup of G. We say that G is hyperbolic relative to H in the strong sense, if G is weakly hyperbolic relative to H , and the pair (G, H) satisfies the BCP property.
Notation
Whenever w is a path in Γ, the projection of w intoΓ is denoted byŵ. Given elements u and v in G, we assume that the equality
holds for some g ∈ G. We denote by w the closed path in Γ labelled by ugv −1 g −1 . Let w u and w v be the subpaths of w labelled by u and v −1 , respectively. We denote by p and q the other two subpaths of w. We fix an orientation of these paths according to the equality w = w u pw v q −1 , so that both paths p and q are labelled by g . Due to the following lemma, we can always assume that w u , w v , p and q are relative geodesics.
Lemma 3.1 Given an element x ∈ G, one can find effectively a relative geodesic γ that represents x.
Proof We denote by x both the given element and a Γ-path that represents it.
Observe thatx andγ form a pair of l Γ (x)-quasi-geodesics with same endpoints. If x and γ never penetrate the same coset, then
. If x and γ penetrate a coset f H and x travels along h x in f H , then γ travels a distance bounded by l Γ (h x ) + 2c(l Γ (x)) inside f H . Altogether, the Γ-length of γ is bounded as follows:
. There are only finitely many elements of G whose length is bounded as above. Find those that are equal to x in G and take one whose relative length is minimal possible.
Corollary 3.2
Given an element u ∈ G, one can determine effectively whether or not u is in H .
For a fixed set S of generators of G, let S ±1 denote the set of those generators and their inverses. A product g i 1 g i 2 . . . g i k of elements of S ±1 is a reduced word,
We assume that relative geodesics are labelled by reduced words. A reduced word
We say that an element x ∈ G is cyclically reduced, if the label of each relative geodesic γ x that represents x (see Lemma 3.1), is a cyclically reduced word. Observe that if x is not cyclically reduced, then a relative geodesic γ x has a proper subpath γ y which is labelled by a cyclically reduced word. γ y represents an element y of G which is conjugate to x. Since there are only finitely many candidates for γ x and hence for γ y , we can assume that γ y has the minimal possible relative length. For the conjugacy problem, we can work with y instead of x. If γ y is a relative geodesic, then we are done. Otherwise, we will proceed with elements of shorter relative length; therefore, the process will eventually stop. In what follows, we assume that u and v are cyclically reduced elements of G.
Let Q = max{l Γ (u), l Γ (v)} denote the maximal length of u and v , and letQ = max{lΓ(û), lΓ(v)} denote the maximal relative length ofû andv . Let L = lΓ(ŵ) be the relative length of w, and let C = c(L) be the constant introduced in Definition 2.3. Observe that the closed pathŵ is the concatenation of two L-quasi-geodesic paths as follows: λ 1 = w u p and λ 2 = w v q −1 . Denote by l u H (or l v H ) the maximal distance which u (or v ) travels in an H -coset.
Conjugacy problem for hyperbolic groups
In this section we show that the conjugacy problem for hyperbolic groups is solvable (see also [18] , [23] ). Our proof for relatively hyperbolic groups is based in part on the extension of similar ideas to a more general situation, and uses some of the results proven in this section. To show solvability of the conjugacy problem for hyperbolic groups, we study properties of quasi-geodesics in a hyperbolic space. Observe that if G is a hyperbolic group, then G is hyperbolic relative to the trivial subgroup so that the coned-off graphΓ and the Cayley graph Γ of G coincide.
Lemma 4.1 (Concatenation of two paths in a geodesic space) Let α = α 1 ·α 2 be the concatenation of a geodesic α 1 and of a non-empty path α 2 in a geodesic metric space ∆, so that α does not intersect itself and
Proof Let β be a geodesic with the same endpoints as α.
≤ 3. Now, let x i ∈ α i be a point, let α be the subpath of α between x 1 and x 2 , and let β be a geodesic joining x 1 and x 2 . Since α does not intersect itself, l ∆ (β) ≥ 1. It can be readily seen that the maximum possible value of the ratio Proof We prove the assertion for λ 1 , the proof for λ 2 is similar. We only need to show that λ 1 has no self-intersection. Assume, λ 1 intersects itself, which means thatŵ u andp have at least two points in common. Let x be the point wereŵ −1 u andp last intersect: x =p(t) =ŵ −1 u (t), for some t. The patĥ w will remain closed if we choose g so thatp coincides withŵ −1 u till x. Since u is cyclically reduced,ŵ u andq do not intersect. Therefore, the pathλ that starts atq(t), goes throughŵ u till x and then through the rest ofp, satisfies the conditions of Lemma 4.1, so that the first assertion of the lemma follows. To prove the second assertion, note that the initial segment [q(t),ŵ −1 u (t)] of λ represents a cyclic conjugateũ of u. Also note that in the closed pathw formed by "cutting off" the common segment ofŵ u andp, the pathλ plays the role of λ 1 .
Corollary 4.3
Let lΓ(ĝ) ≥ 3Q. If λ 1 =ŵ up backtracks, so that it can be shortened, then this shorter pathλ 1 is a (2Q + 1)-quasi-geodesic.
is the concatenation of a path α 1 with lΓ(α 1 ) ≤Q and of a geodesic α 2 with lΓ(α 2 ) ≥ 2Q. The assertion follows from Lemma 4.1.
Observe that the proofs of Lemma 4.1, Lemma 4.2 and Corollary 4.3 do not use the assumption thatΓ is hyperbolic, so that these statements hold for any geodesic metric space. However, we cannot drop the assumption thatΓ is hyperbolic, in Corollary 4.4 and Lemma 4.5 below. Proof If lΓ(ĝ) ≤ 3Q, then the relative length of λ 1 and of λ 2 is bounded by 4Q, so that λ 1 and λ 2 stay a distance bounded by 2Q from each other. Otherwise, by Lemma 4.2, λ 1 and λ 2 are (2Q+1)-quasi-geodesics with common endpoints. Therefore, they stay a bounded distance N (2Q+1) from each other. In order to obtain the claim, set
Note that the initial point of bothŵ u andq is the identity 1Γ, and that the initial point ofp coincides with the terminal point ofŵ u .
Lemma 4.5 Start at the initial points ofp andq and move along these paths with the unit speed. Ifp andq are long enough paths, then there exist two numbers t 1 , t 2 satisfying 1 ≤ t 1 < t 2 ≤ lΓ(p), so that the following condition holds. For each integer t where t 1 ≤ t ≤ t 2 , theΓ-length of a geodesic pathγ joiningp(t) andq(t) can be bounded in terms of theΓ-lengths of u and v.
Proof Assume thatp andq are longer than 3Q + 2δ so that we can consider values of t 1 , t 2 as follows:
Denote byp ′ (orq ′ ) the subpath ofp (orq) betweenp(t 1 ) (orq(t 1 )) and p(t 2 ) (orq(t 2 )). Because of our choice of t 1 and t 2 , the geodesicsp ′ andq ′ stay the distance K from each other (K as in (2)). Furthermore, the distance between the initial points of the pathsp ′ andq ′ is bounded above as follows:
In both cases, we conclude that
which implies the claim.
As a consequence, we get the following theorem which is the main result of this section.
Theorem 4.6 If G is a hyperbolic group, then the conjugacy problem in G is solvable.
Proof It follows immediately from Lemma 4.5 that forp andq long enough, one can find two integers s 1 and s 2 satisfying the double inequality t 1 ≤ s 1 < s 2 ≤ t 2 , so that two geodesicsγ i connectingp(s i ) withq(s i ) (i = 1, 2) have the sameΓ-length. Therefore, the compactness of balls of a given radius inΓ implies that forp andq long enough, we can findγ 1 ,γ 2 as above so that these geodesics represent the same element x of G. In this case, both u and v are conjugate to x in G. Moreover, we can cut off the segments [p(s 1 ),p(s 2 )] and [q(s 1 ),q(s 2 )] ofp andq , respectively, and obtain a shorter element conjugating u and v. Thus, if two elements u and v of a hyperbolic group are conjugate, then the minimal possible length of a conjugating element g is bounded in terms of the lengths of u and v (cf. [23, Lemma 10] ). Since bounded balls inΓ are compact and word problem in G is solvable, the assertion follows.
Relatively hyperbolic groups
We assume that the conjugacy problem is solvable in H. Therefore, given u, v ∈ H, we can determine effectively whether or not u and v are conjugate in H . If this is the case, thenŵ is the null-path inΓ. In what follows, we assume that L = lΓ(ŵ) > 1.
Definition 5.1 (Closed path without backtracking) We will say that a closed pathŵ does not backtrack to a coset gH which it penetrates, ifŵ is the concatenation of two pathsû andv −1 so thatû is a path without backtracking which penetrates gH, andv does not penetrate gH. We will say that the closed pathŵ is a path without backtracking, if for any coset gH which it penetrates, w does not backtrack to gH.
The following results which will be used later on, are straightforward consequences of the Definition 2.3 of the BCP property. Recall that C = c(L) is the constant introduced in Definition 2.3.
Lemma 5.2 Ifŵ penetrates a coset gH and does not backtrack to it, thenŵ travels in gH a Γ-distance of C = c(L) at most.
Proof Since each relative P -quasigeodesic is in particular an R-quasigeodesic for P < R, we have that c(P ) ≤ c(R). Letŵ travel in gH along an Hgeodesic h. Consider the subpathŵ 1 = g 1 hg 2 ofŵ . The relative length of w 1 equals 3 so thatŵ 1 is a 3-quasigeodesic. Ifŵ 1 is a closed path, then we have found a pair of two relative 2-quasigeodesics, one of which penetrates the coset gH, and the other does not penetrate gH. Therefore, in this case
. Now, assumeŵ 1 is not a closed path. Letŵ 2 be so thatŵ =ŵ 1ŵ2 . Sinceŵ does not backtrack to gH,ŵ 2 does not penetrate this coset. Ifŵ 2 backtracks to a coset different from gH, then we can shorten w 2 each time when backtracking occurs. Indeed, assumeŵ 2 leaves a coset f H at some point x and enters this coset at y, later on. We replace the subpath ofŵ 2 joining x and y, with an H -geodesic h x,y joining these points. Finally, we obtain a pathŵ ′ 2 without backtracking, with
is a relative (L − 3)-quasigeodesic, which does not penetrate gH. Therefore, the pairŵ 1 andŵ ′ 2 of relative (L − 3)-quasigeodesics satisfies the first part of Definition 2.3, and it follows that
Lemma 5.3 Assume thatŵ u andp penetrate a coset f H , but neitherq nor w v penetrates f H . Let k 1 (or k 2 ) be a Γ-geodesic joining the points wherê w −1 u andp first enter (or last exit) the coset f H . Then l Γ (k 1 ) ≤ c(2) and l Γ (k 2 ) ≤ C (Figure 1 ).
Proof Denote by x p and x u (or y p and y u ) the endpoints of k 1 (or of k 2 ). To prove the inequality for l Γ (k 1 ), consider the following pair of 2-quasi-geodesics: α is the concatenation of the initial subgeodesic ofp (ending at x p ) and k 1 , β is the initial subgeodesic ofŵ −1 u (ending at x u ). Note that α and β have common endpoints and do not backtrack. Therefore, the first part of the definition of the BCP property implies the claim for k 1 . To prove the inequality for l Γ (k 2 ), consider the closed pathŵ ′ which is the concatenation of the following geodesics: k 2 , the terminal subgeodesic ofŵ −1 u (starting at y u ),q ,ŵ −1 v and the initial subgeodesic ofp −1 (ending at y q ). Asŵ ′ is shorter thanŵ, Lemma 5.2 implies the claim for k 2 .
Corollary 5.4 Let λ 1 = w u p and λ 2 = w v q −1 be relative P -quasi-geodesics for some P > 0. Let p travel along the path h g in a coset f H . If p and q do not penetrate the same coset, then l Γ (h g ) ≤ 2Q + c(P ) + 2c(2).
Proof Letŵ u andp penetrate a coset f H . The proof of Lemma 5.3 works verbatim in the case whenŵ v does not penetrate the coset f H , but instead of Lemma 5.2 use Corollary 4.3. Now, assumeŵ v penetrates f H also. Let k 1 be as in the statement of Lemma 5.3, let k 2 be a geodesic joining the points at whichŵ v andp −1 first enter f H, and let k 3 join the points at whichŵ u and w −1 v first enter f H . It follows from the argument used to prove Lemma 5.3 that l Γ (k i ) ≤ c(2) for i = 1, 2. Moreover, it can be readily seen that the concatenation of the initial segment ofŵ u and of k 3 is a relative 3-quasigeodesic. By assumption, the concatenation ofq −1 and of the initial segment of w −1 v is a relative P -quasi-geodesic which does not penetrate f H , so that l Γ (k 3 ) ≤ c(P ), which implies the claim.
Remark. Corollary 5.4 holds for each closed path which is the concatenation of four geodesics. Indeed, the fact thatp andq have the same label is never used in the proof of this statement. Lemma 5.5 Assume thatp andq penetrate two "skew" cosets f 1 H and f 2 H so thatp travels in f 1 H along h 1 andq travels in f 2 H along h 1 , and either (1)ŵ u andŵ v penetrate neither of these cosets, andp travels in f 2 H along h 2 whileq travels in f 1 H along h 2 (Figure 2 , left), or (2)ŵ u penetrates first f 1 H and then f 2 H ,ŵ v penetrates neither of these cosets,p does not penetrate f 2 H , andq does not penetrate f 1 H (Figure 2, right) .
Proof We prove the assertion only in the case (1), the other case is similar. Consider the closed pathŵ
is the initial segment ofp (orq ) that terminates at the point wherep (orq ) first enters the coset f 2 H . This path satisfies the conditions of Lemma 5.2 and is shorter thanŵ; the assertion (1) follows.
Cascades
So far, we were able to apply directly the definition of the BCP property in order to bound the Γ-length of a subpath of w in terms of theΓ-length ofŵ .
It is possible unlessp andq penetrate the same cosets. Contract each vertex ofΓ to a point; ifp andq penetrate the same cosets, thenŵ will turn into a sequence of digons with two triangles at both ends of it. In the case when these triangles are isosceles, the length of the conjugating element g cannot be bounded in general. We consider this case in The "tower" corresponding to a cascade is an alternating sequence of H -floors and G-floors ( Figure 3, right) ; each H -floor is a closed path h i k i h
where g i ∈ G \ H and k i , c i ∈ H . Each G-floor (or H -floor) has two neighboring H -floors (or G-floors) glued to it along Γ-geodesic arcs corresponding to k i and c i+1 (or c i and k i ). Observe that in a cascade of length n, the number of H -floors is n and the number of G-floors is n − 1. It can be readily seen that the length of the subwords h i of g can be bounded in terms of the length of the cascade as follows: l Γ (h i ) ≤ l Γ (h 1 ) + 2ic(2) ≤ l Γ (h 1 ) + 2nc(2) (see the part (1) of Lemma 5.7 below); the main difficulty is to handle cases when n is large. In Lemma 5.8 below we obtain a bound on the length of h i which does not depend on the length of a cascade. Lemma 5.7 asserts that the Γ-length of each k i and of each c i can be bounded in terms of the relative length of u and v . Since we can skip several H -floors in the beginning and in the end of a cascade, we will always assume that neither w u nor w v penetrate the cosets where H -floors of a cascade are located. We set C 0 = c(7Q).
Lemma 5.7 With the notation above, the length of the Γ-geodesics c i and k i can be bounded as follows.
Proof As each G-floor is the concatenation of two 2-geodesics, the assertion (1) follows immediately. We prove the assertion (2) for c 1 , the proof for k n is similar. Consider the closed path w ′ which is the concatenation of w u , p 1 , c 1 and q −1 1 , where p 1 and q 1 are the initial segments of p and q , respectively. Without loss of generality, assume that l Γ (p 1 ) ≤ l Γ (q 1 ). The concatenation α = p 1 · c 1 is a relative 2-quasi-geodesic.
If p 1 and q 1 penetrate a coset f H , then a subpath of α as well as the concatenation of a Γ-geodesic which travels in f H and of q ′ 1 are relative 2-quasi-geodesics with common endpoints. Hence, l Γ (c 1 ) ≤ c(2) in this case. In what follows, we assume that p 1 and q 1 do not penetrate the same coset.
We distinguish the two cases as follows:
(2)q 1 is "short": lΓ(q 1 ) < 3Q.
In the case (1) our argument below shows that l Γ (c 1 ) ≤ c(2Q + 1). Indeed, the concatenationβ =ŵ −1 u ·q 1 is a (2Q+1)-quasi-geodesic, according to Lemma 4.1. Ifβ backtracks, then by Corollary 4.3, a shorter pathβ without backtracking and same endpoints asβ , is a (2Q + 1)-quasi-geodesic. Furthermore, ifp 1 and w −1 u penetrate a coset f H , then setα to be the subpath ofα which begins at the point wherep 1 exits f H , and adjustβ accordingly. In any case, we have a pair of (2Q + 1)-quasi-geodesics that satisfies the first part of the definition of the BCP property, which implies the claim in the case whenq 1 is "long".
In the case (2) lΓ(ŵ ′ ) ≤ 7Q, and so by Lemma 5.2, l Γ (c 1 ) ≤ C 0 = c(7Q), as claimed.
Lemma 5.8 Assume that in the word w the cascade effect occurs. Let p travel in the coset
Proof Since each G-floor is the concatenation of two 2-geodesics, g i and g i+l travel a Γ-distance bounded by c(2) in each coset they penetrate. By Lemma 5.7 case (1), (2) , so that in what follows, we assume that i ≥ 4. To show that the Γ-length of h i is bounded, we glue i − 2 consecutive G-floors of the cascade along g j where j = 2, 3, . . . , i − 2, and i − 1 consecutive H -floors of the cascade along h j , for j = 2, 3, . . . , i − 1. We have the following equalities: The following lemma enables one to bound the Γ-length of g in terms of the relative length ofĝ ,û andv .
Relatively short conjugating elements are short
Lemma 5.9 Letp penetrate a left coset f H when moving along an Hgeodesic h g . Assume thatŵ backtracks to f H.
(1) Ifp,ŵ u ,q andŵ v all penetrate the coset f H, then either (a) u and v are conjugate in G to k ∈ H with the length bounded as follows:
(2) Ifp,ŵ u andq penetrate f H, andŵ v does not penetrate it, then either (a) u and v are conjugate in Let g = g 1 h g g 2 (we denote by g i the sub-paths of p and also their labels), and let f H be the coset in whichp travels along h g . In the case (5),q penetrates the coset f H also; denote by h f the H -geodesic in f H, along whichq moves there. Therefore, g = g 3 h f g 4 , where g 3 , g 4 denote both sub-paths of q and their labels. If lΓ(ĝ 1 ) = lΓ(ĝ 3 ) (Figure 4 , left), then necessarily g 1 = g 3 , h g = h f , and g 2 = g 4 . Let k be a H -geodesic joining the points where p and q last exit f H.
We have that
1 ug 1 h g , and k = g 2 vg −1
2 . Moreover, the closed path g 2 w v g −1 2 k has length less than L and satisfies the conditions of Lemma 5.2. Hence, we obtain (5a). Now, assume that lΓ(ĝ 1 ) > lΓ(ĝ 3 ) (Figure 4 , right). Let k 1 (or k 2 ) be a geodesic joining the points where p and q first enter (or last exit) f H ; both closed paths (one goes through k 1 and w u and the other one goes through k 2 and w v ) that we obtain, are shorter than w and satisfy the conditions of Lemma 5.2. Hence,
Furthermore, h f is a subword of g 1 . Let f 1 H be the coset thatp penetrates along h f . Ifŵ does not backtrack to f 1 H , then one can apply Lemma 5.2 and obtain that l Γ (h f ) ≤ C . Ifŵ backtracks to f 1 H but inŵ cascade effect does not occur, then we apply either Lemma 5.5 or Lemma 5.3, and conclude that l (2) . If inŵ cascade effect occurs, then we apply Lemma 5.8, and Lemma 5.3 to show that l Γ (h g ) ≤ (l Γ (v)+C+c(2))+2C+2c (2) . In any case, we get the statement of the case (5b). (Figure 5 ), then both u and v are conjugate to k ∈ H with l Γ (k) ≤ C, and we obtain (2a). Let lΓ(ĝ 1 ) > lΓ(ĝ 3 ) (Figure 6 , left). Assume thatp,ŵ u andq penetrate another coset f 1 H so thatq travels in f 1 H along h g . As bothŵ u andp −1 are geodesics, the distances from their common terminal point to a coset they both penetrate, are equal; therefore, the case shown on Figure 6 , left, is the only possible one. In this case, the argument used to prove Lemma 5.5, implies that l Γ (h g ) ≤ C. The other cases ( Figure 6 , right, shows one of those) are analogous to the case (5b), so that l Γ (h g ) ≤ l Γ (v) + 3C + 3c(2) which proves (2b).
Case (1) follows easily from the above arguments. If lΓ(ĝ 1 ) = lΓ(ĝ 3 ) (Figure 7 , left) then we have the case (1a). Indeed, it follows that g 1 = g 3 and g 2 = g 4 . Let k be a Γ-geodesic joining the points where p and q leave f H ; hence, both u and v are conjugate to k and l Γ (k) < l Γ (v) + 2C , as claimed. In the other cases (see, for instance, Figure 6 , right, where lΓ(ĝ 1 ) < lΓ(ĝ 3 )), Lemma 5.3 implies the statement of (1b). to k ∈ H with l Γ (k) ≤ Q + 2C, or g travels a Γ-distance bounded by 2Q + 6C , in each coset it penetrates.
A global bound on the length of g
We have proved that if the relative length of g is bounded, then the Γ-length of g can be bounded as well. A priori, we do not have any bound on the relative length of g . It turns out that in order to bound globally the relative length of g (see the proof of Theorem 5.12 below), we need to bound distances which g travels in H -cosets. Let D = c(8Q).
Lemma 5.11
If ugvg −1 = 1 in G, then either (1) u and v are conjugate in G to an element k ∈ H , or (2) The Γ-distance which g travels in a coset it penetrates, is bounded by l g H = 2Q + 10D.
Proof Assume that the conditions of the case (1) do not hold. Let h g be an H -subword of g of the maximal possible length.
First, assume that the path h g is not a subpath of an H -floor of a cascade. We claim that in this case the Γ-length of h g satisfies the following inequality:
Our proof of this latter claim splits according to the following possibilities.
(1) If lΓ(ĝ) < 3Q, then lΓ(ŵ) < 8Q, and by Corollary 5.10, we conclude that the inequality (5) holds.
(2) If lΓ(ĝ) ≥ 3Q, then by Lemma 4.2, λ 1 and λ 2 form a pair of (2Q + 1)-quasi-geodesics with common endpoints. We distinguish the following two cases:
(a) Ifp andq do not penetrate the same coset, then by Corollary 5.4, l Γ (h g ) ≤ 2Q + c(2Q + 1) + 2c (2) . As c(2Q + 1) < D and c(2) < D, it follows that l Γ (h g ) satisfies the inequality (5). (b) Ifp andq penetrate the same coset but h g is not a subpath of an H -floor of the cascade, then one can find a closed pathŵ ′ which goes through h g and so that the subsegments ofp and ofq which belong to this closed path, do not penetrate the same coset. Therefore, the arguments used in the cases (1) and (2a) apply toŵ ′ , so that the inequality (5) holds in this case also. Observe that if inŵ the cascade effect of length n occurs, then h 1 and h n+1 occur also outside the cascade. Hence, the argument that we use in this case, applies to h 1 and h n+1 as well. Thus, both l Γ (h 1 ) and l Γ (h n+1 ) satisfy the inequality (5). Now, assume that h g is a subpath of an H -floor of a cascade. By Lemma 5.8,
. Since l Γ (h 1 ) ≤ 2Q + 6D (see the the proof in the case (2b) above), and C 0 < D, we have that l Γ (h g ) ≤ 2Q + 10D.
The following theorem establishes explicitly the dichotomy mentioned above: either u and v are conjugate to an element of H , or the Γ-length of g can be globally bounded.
Theorem 5.12 Let G be a group hyperbolic relative to a subgroup H, in the strong sense. If ugvg −1 = 1 in G and the relative length of g is positive and minimal possible, then either
(1) u and v are conjugate in G to an element k ∈ H so that g = g 1 g 2 where u = g 1 kg
The Γ-length of g is bounded in terms of the Γ-lengths of u and v .
Proof We assume that the case (1) does not occur. Letγ be a geodesic joininĝ p(t) andq(t), and let m = l 0 +2K (cf. (4)) be the upper bound for theΓ-length ofγ obtained in the proof of Lemma 4.5. Assume that lΓ(ĝ) > 2Q + 2δ + 6m so that we can consider values of t satisfying the inequality t 1 + 3m < t < t 2 − 3m (t 1 , t 2 are as in Lemma 4.5). Denote byγ 1 a geodesic joiningp(t + 3m) and q(t + 3m), and denote byγ p (orγ q ) the segment ofp (orq) betweenp(t) (orq(t)) andp(t + 3m) (orq(t + 3m)). The closed pathŵ =γ pγ1γ
has a relative length bounded by 8m. Moreover, since lΓ(γ), lΓ(γ 1 ) ≤ m and the distance between their initial (or terminal) points equals 3m, these two geodesics never penetrate the same coset. Therefore, by Corollary 5.4, the maximal distance thatγ (orγ 1 ) can travel in a coset it penetrates, is bounded above by 2l g H + 3c(8m). Therefore, the Γ-length of γ is bounded in terms of the Γ-lengths of u and v , so that we can apply the argument used to prove Theorem 4.6. This argument tells that since lΓ(ĝ) is minimal possible, it is bounded in terms of the Γ-lengths of u and v . By Lemma 5.11, one obtains the claim.
5.4
The case when u and v are conjugate to an element of H In general, there is a finite sequence of elements k 1 , k 2 , . . . , k n of H conjugate in G to each other as follows:
for some g i , g u and g v in G. We are able to find bounds for the Γ-length of g u , of g v and of those g i which are in G \ H , but if g i ∈ H , then its Γ-length cannot be bounded. Therefore, there is no bound on the Γ-length of the element g = g u g 1 . . . g n−1 g v conjugating u and v . Note that in the geometric picture,p andq penetrate the same cosets, at the same moments of time, so thatŵ is a finite sequence of digons with two isosceles triangles at both ends of it. In the case of a hyperbolic groups, this picture would mean that both u and v were conjugate to the trivial element, therefore, were trivial elements themselves.
Our approach is as follows. Lemma 5.13 implies that the Γ-length of k 1 and k n can be bounded in terms of the length of u and of v . By Corollary 5.15, l Γ (k i ) ≤ c(2) for 1 < i < n. Moreover, the length of g u , of g v and of those conjugating elements g i which are not in H , can be bounded in terms of the length of u and of v as well. Therefore, it is enough to consider the finite set H d of elements of H whose length does not exceed d = c(2). Lemma 5.16 below allows one to obtain the partition of H d to conjugacy classes of G. Having obtained this partition, we are able to establish whether or not u and v are conjugate to each other, if each one of them is conjugate to an element of H . Lemma 5.13 Let u ∈ G be conjugate to h ∈ H . Then either u ∈ H , and u and h are conjugate in H , or there exist k ∈ H and g ∈ G so that u = gkg −1 and the following conditions hold:
is bounded in terms of the Γ-length of u.
Proof Assume that u / ∈ H . Corollary 3.2 implies that g ∈ G\H , in particular the relative length of g is strictly positive. Therefore, the minimal possible relative length is attained, and we get (1) . Fix an element g that satisfies the condition (1), and consider the closed path w = ugkg −1 and its projectionŵ intoΓ. By Lemma 4.2, either lΓ(ŵ) ≤ 7Q, orŵ is the concatenation of two (2Q+1)-quasi-geodesics. The assertion (2) follows then either from Lemma 5.2, or from the definition of the BCP property. To obtain the assertion (3), apply Theorem 5.12 and note that the assertion (1) we have just proven, implies that the case (1) mentioned in the statement of Theorem 5.12, does not occur.
Corollary 5.14 Given u ∈ G \ H, one can determine effectively, whether or not there is h ∈ H so that u is conjugate to h.
Proof According to Lemma 5.13, it is enough to determine whether or not the word ughg −1 is trivial for some h and g whose Γ-length is bounded. There are only finitely many possibilities to choose h and g , and by [14, Theorem 3.7] (see Theorem 1.2), for each particular choice of these elements, an answer can be found effectively.
Corollary 5.15
If u ∈ H and h ∈ H are conjugate in G but are not conjugate in H , then the assertion (2) of Lemma 5.13 becomes l Γ (k) ≤ c(2).
Proof Note that in this case the projectionŵ of the closed path w = ugkg −1 is the concatenation of two 2-quasi-geodesics.
Lemma 5.16
Given h u , h v ∈ H, one can determine effectively whether or not h u and h v are conjugate in G.
Proof First, we check whether or not h u and h v are conjugate in H. Assume that this is not the case. Let d = c(2) be the constant given by Definition 2.3. Consider the finite subset H d = {h ∈ H | l Γ (h) ≤ d} of "short" elements of H, and the partition of H d into conjugacy classes C G of G : elements h 1 and h 2 of H d belong to a C G -class if and only if there is g ∈ G such that h v = gh u g −1 . We claim that this partition of H d can be obtained in a finite time. Indeed, as the conjugacy problem in H is solvable, we can find a partition C H of H d into conjugacy classes of H in a finite time. Furthermore, we define bounded C G -classes as follows: elementsk andh of H d belong to a bounded C G -class if and only if eitherk andh belong to a C H -class, or there is a finite sequencek = k 1 , k 2 , . . . , k n =h of elements of H with l Γ (k j ) ≤ c(2), so that for every i = 1, 2, . . . , n − 1 there is g i ∈ G with bounded length l Γ (g i ) such that h i = g i h i+1 g 
d , find all those pairs of elements k ∈ H and g ∈ G \ H which satisfy the conditions of Lemma 5.13 and Corollary 5.15. Since each k is a "short" element of H , it belongs to a C H -class H so as to obtain a bounded C G -class, and declare all these added elements as new members in the C G -class. Having collected all k and their C Hclasses, we repeat the above procedure for each new member in the C G -class of h u . Again, added elements are declared to be new members, and we proceed with them in the same manner, until there are no new members anymore. Then we pick a C H -class, which is not a subset of the bounded C G -class of h u we have just obtained, and repeat the same procedure. The algorithm stops when the (finite) set of C H -classes is exhausted.
Having obtained the partition of H d into C G -classes, we check whether or not there are k u , k v ∈ H d that belong to same C G -class and such that k u and h u as well as k v and h v , are conjugate in H by elements of bounded length (see the assertion (3) of Lemma 5.13). The elements h u and h v are conjugate in G if and only if there are k u and k v as above.
From Corollary 5.14 and Lemma 5.16 we obtain the following corollary.
Corollary 5.17 Given u ∈ G \ H and h ∈ H, one can determine effectively, whether or not u and h are conjugate in G.
Proof of Theorem 1.1
Proof By Corollary 3.2, we can determine whether or not u and v belong to H . If both u and v are in H, then the assertion follows from Lemma 5.16. If for instance u ∈ G \ H while v ∈ H, then the assertion follows from Corollary 5.17. Now, assume that neither u nor v is in H. According to Corollary 5.14, we can answer effectively the following two questions:
(1) Is there k u ∈ H so that k u and u are conjugate in G? 
Group with several parabolic subgroups
The definition of a relatively hyperbolic group can be extended to the case of several subgroups [14, Section 5] . Let G be a group, and let {H 1 , . . . , H r } be a finite set of finitely generated subgroups of G. In the Cayley graph of G, for every i = 1, 2, . . . , r, add a vertex v(gH i ) for each left coset of H i in G, and connect this new vertex (by an edge with length 1 2 , as before) with each element of this left coset. This new graphΓ is called the coned-off graph of G with respect to {H 1 , . . . , H r }. The group G is weakly hyperbolic relative to {H 1 , . . . , H r }, ifΓ is a hyperbolic metric space. The definition of the BCP property can be extended in an obvious way to this case. If the subgroups H 1 , . . . , H r are torsion-free, then the BCP property implies that these subgroups are pairwise conjugacy separated. This means that if gH i g −1 ∩ H j = ∅ for some g ∈ G, 1 ≤ i, j ≤ r, then necessarily i = j and g ∈ H i . The group G is strongly hyperbolic relative to the family of subgroups {H 1 , . . . , H r }, if G is weakly hyperbolic relative to {H 1 , . . . , H r }, and the pair (G, {H 1 , . . . , H r }) has the BCP property.
Our arguments can easily be extended to prove the following generalization of Theorem 1.1.
Theorem 5.18 Let G be a group strongly hyperbolic relative to a finite set of subgroups {H 1 , . . . , H r }. If the conjugacy problem is solvable in H i for all i = 1, 2, . . . , r, then it is solvable in G.
Fundamental groups of negatively curved manifolds
In this section, we prove Theorem 1.3. Let G be the fundamental group of a negatively curved non-compact manifold of finite volume with a single cusp, and let H denote the cusp subgroup of G. Then G is hyperbolic relative to H in the strong sense (Farb [14] gave a direct proof of this assertion). Since H is a nilpotent group, the conjugacy problem for H is solvable [25] . Therefore, in order to prove Theorem 1.3, it remains to show that the constants c(P ) in Definition 2.3 can be bounded effectively.
We follow [14] and [29] .M denotes a Hadamard manifold; we are most interested in the case whenM is the universal cover of a complete, finitevolume negatively curved Riemannian manifold M with pinched negative curvature −b 2 ≤ K(M ) ≤ −a 2 < 0. Our calculation is based on the geometry of horospheres inM . Let x ∈M , z be a point at infinity, and let γ be the geodesic ray from x to z. Horospheres are the level surfaces of the Busemann function F = lim t→∞ F t , where F t is defined by F t (p) = dM (p, γ(t)) − t. Let S be a horosphere, we denote by d S the induced path metric on S; that is, d S (x, y) is the infimum of the length of all paths in S from x to y. Definition 6.3 [14] Let γ be a geodesic inM not intersecting a horosphere S . Given s ∈ S , we say that γ can be seen from s if sγ(t) ∩ S = {s} for some t. Let T γ be the set of points s ∈ S that γ can be seen from. The visual size V S of the horosphere S is defined to be the supremum of the diameter of T γ in the metric d S , where the supremum is taken over all geodesics γ not intersecting S. The proof shows that the visual size of S is bounded by 2 a + C where according to [29, Lemma 4.10] , C = 2δ +log 16. Therefore, the visual size V S of S satisfies the following inequality:
Let G be the fundamental group of M so that M =M /G. We can choose a G-invariant set of horoballs so that there is a uniform lower bound on the distance between horoballs and the action of G on the horoballs has finitely many orbits. Having deleted the interiors of all of these horoballs, we obtain a space X on which G acts cocompactly by isometries (X is equipped with the path metric). Choose a base point x ∈ X, the map g → g · x gives a quasi-isometry ψ : Γ −→ X of the Cayley graph of G with X; for each coset gH, all of the elements of gH are mapped to the same horosphere. The electric spaceX is the quotient of X obtained by identifying points which lie in the same horospherical boundary component of X. The quotientX has a path pseudo-metric dX induced from the path metric d X ; the pseudo-metric dX can be thought of as a pseudo-metric on X, where the distance between two points is the length of the shortest path between them, but path-length along a horosphere S ⊂ ∂X is measured as zero length. Locally dX agrees with dM on the interior of X.
Proposition 6.5 [14, Proposition 4.6] The electric spaceX is a δ ′ -hyperbolic pseudometric space for some δ ′ > 0.
Given a path γ inX, the electric length lX (γ) is the sum of the X -length of subpaths of γ lying outside every horosphere. An electric geodesic between x, y ∈X is a path γ inX from x to y such that lX (γ) is minimal. An electric P -quasi-geodesic is a P -quasi-geodesic inX.
Lemma 6.6 ([29, Lemma 5.6], cf. [14, Lemma 4.5]) Given P > 0, there exist constants K = K(P ), L = L(P ) > 0 such that for any electric P -quasigeodesic β from x to y, if γ is theM geodesic from x to y, then β stays completely inside N bhdX (γ, K + L/2).
According to the proof, K can be chosen so that K ≥ 1 a log(2P (V S + 1)).
Then one can set L = 4P K(2 + V S ) + 8P δ,
where V S is as in (6). (1) Suppose α first greets S at α(s 0 ) and β first greets S at β(t 0 ). Suppose that α and β leave S at α(s 1 ) and β(t 1 ). Then d S (α(s 0 ), β(t 0 )) < E and d S (α(s 1 ), β(t 1 )) < E.
(2) Suppose α greets S at α(s 0 ) and leaves S at α(s 1 ). Suppose that β doesn't greet S. Then d S (α(s 0 ), α(s 1 )) < E.
By the proof, E = 3 max{δ, D}P (K + L), where D, K and L are given by (9) , (7) and (8), respectively. Altogether, we have
where V S is as in (6) . Therefore, the upper bound for the constant E can be computed effectively. Let λ denote the quasi-isometry constant of the map ψ : Γ −→ X. Then the constants c(P ) of Definition 2.3 can be bounded as follows: c(P ) ≤ λE.
